
Behavior of points in
The magnitude of a (finite) metric space is thought of as the 
number of “effective points” in X. For any finite metric space, 
it is known that                             It may not be the case that 

is well-defined for all t. However, we have the following.

Theorem [Leinster & Meckes] If                 finite, then         is 
defined for all  

This allows us to define the power of a point             as

Similarly, we can define the   -power of an edge between 
points                to be 

Experiments Conclusions
The magnitude of a metric space has a slogan of giving the 
“number of effective points” in the space. We give definitions 
of the power of a point, and power of an edge that can give 
more formalism to this slogan. 

The power of a point allows us to order the points in X defined
by an intrinsic measure. This leads to a number of interesting 
applications, including
• Convex hull computation
• Clustering methods
• Persistent homology computation
• Choosing candidates for active learning
• Supervised machine learning

The power of points plotted for a 
noisy circle.

Edge between two points if 
power of edge is greater than a 
fixed constant.
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Applications of  Metric Space Magnitude to 
Machine Learning

Introduction
Given a finite metric space X, denote the similarity matrix by 

The magnitude of X is defined to be

For define the metric space tX to have distance 
given by the distance of X scaled by t. We then study 

⇣X(x, y) := e�d(x,y)
<latexit sha1_base64="l0ApcPeT7/hoy8FsuahyBrf1WJY=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcuMCIogFN24rGAf0NaSSe/U0ExmSDLiOHTlxl9x40IRt36DO//G9LHQ1gMXTs65l9x7vIgzpR3n28rMzM7NL2QXc0vLK6tr9vpGVYWxpFChIQ9l3SMKOBNQ0UxzqEcSSOBxqHm9i4FfuwOpWCiudRJBKyBdwXxGiTZS295uPoAm7Xrhfh8ne/j0DMNNetAZPfttO+8UnSHwNHHHJI/GKLftr2YnpHEAQlNOlGq4TqRbKZGaUQ79XDNWEBHaI11oGCpIAKqVDs/o412jdLAfSlNC46H6eyIlgVJJ4JnOgOhbNekNxP+8Rqz9k1bKRBRrEHT0kR9zrEM8yAR3mASqeWIIoZKZXTG9JZJQbZLLmRDcyZOnSfWw6DpF9+ooXzofx5FFW2gHFZCLjlEJXaIyqiCKHtEzekVv1pP1Yr1bH6PWjDWe2UR/YH3+ALVWlrM=</latexit><latexit sha1_base64="l0ApcPeT7/hoy8FsuahyBrf1WJY=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcuMCIogFN24rGAf0NaSSe/U0ExmSDLiOHTlxl9x40IRt36DO//G9LHQ1gMXTs65l9x7vIgzpR3n28rMzM7NL2QXc0vLK6tr9vpGVYWxpFChIQ9l3SMKOBNQ0UxzqEcSSOBxqHm9i4FfuwOpWCiudRJBKyBdwXxGiTZS295uPoAm7Xrhfh8ne/j0DMNNetAZPfttO+8UnSHwNHHHJI/GKLftr2YnpHEAQlNOlGq4TqRbKZGaUQ79XDNWEBHaI11oGCpIAKqVDs/o412jdLAfSlNC46H6eyIlgVJJ4JnOgOhbNekNxP+8Rqz9k1bKRBRrEHT0kR9zrEM8yAR3mASqeWIIoZKZXTG9JZJQbZLLmRDcyZOnSfWw6DpF9+ooXzofx5FFW2gHFZCLjlEJXaIyqiCKHtEzekVv1pP1Yr1bH6PWjDWe2UR/YH3+ALVWlrM=</latexit><latexit sha1_base64="l0ApcPeT7/hoy8FsuahyBrf1WJY=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcuMCIogFN24rGAf0NaSSe/U0ExmSDLiOHTlxl9x40IRt36DO//G9LHQ1gMXTs65l9x7vIgzpR3n28rMzM7NL2QXc0vLK6tr9vpGVYWxpFChIQ9l3SMKOBNQ0UxzqEcSSOBxqHm9i4FfuwOpWCiudRJBKyBdwXxGiTZS295uPoAm7Xrhfh8ne/j0DMNNetAZPfttO+8UnSHwNHHHJI/GKLftr2YnpHEAQlNOlGq4TqRbKZGaUQ79XDNWEBHaI11oGCpIAKqVDs/o412jdLAfSlNC46H6eyIlgVJJ4JnOgOhbNekNxP+8Rqz9k1bKRBRrEHT0kR9zrEM8yAR3mASqeWIIoZKZXTG9JZJQbZLLmRDcyZOnSfWw6DpF9+ooXzofx5FFW2gHFZCLjlEJXaIyqiCKHtEzekVv1pP1Yr1bH6PWjDWe2UR/YH3+ALVWlrM=</latexit>

|X| :=
X

x,y

⇣�1
X (x, y)
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lim
t!1

|tX| = #X
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X ⇢ Rn
<latexit sha1_base64="iggqXDFTehtNJLSi38gzD8Z/ccU=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAIrsqMCLosunFZxT6gM5YkvdOGZjJDkhHK2IW/4saFIm79DXf+jZm2C209EDiccy/35NBEcG1c99spLC2vrK4V10sbm1vbO+XdvaaOU8WgwWIRqzYlGgSX0DDcCGgnCkhEBbTo8Cr3Ww+gNI/lnRklEESkL3nIGTFW6pYP2tjXKdVgsB8RM6A0ux3fW6PiVt0J8CLxZqSCZqh3y19+L2ZpBNIwQbTueG5igowow5mAcclPNSSEDUkfOpZKEoEOskn+MT62Sg+HsbJPGjxRf29kJNJ6FFE7mWfU814u/ud1UhNeBBmXSWpAsumhMBXYxDgvA/e4AmbEyBLCFLdZMRsQRZixlZVsCd78lxdJ87TquVXv5qxSu5zVUUSH6AidIA+doxq6RnXUQAw9omf0it6cJ+fFeXc+pqMFZ7azj/7A+fwBx4yV8Q==</latexit><latexit sha1_base64="iggqXDFTehtNJLSi38gzD8Z/ccU=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAIrsqMCLosunFZxT6gM5YkvdOGZjJDkhHK2IW/4saFIm79DXf+jZm2C209EDiccy/35NBEcG1c99spLC2vrK4V10sbm1vbO+XdvaaOU8WgwWIRqzYlGgSX0DDcCGgnCkhEBbTo8Cr3Ww+gNI/lnRklEESkL3nIGTFW6pYP2tjXKdVgsB8RM6A0ux3fW6PiVt0J8CLxZqSCZqh3y19+L2ZpBNIwQbTueG5igowow5mAcclPNSSEDUkfOpZKEoEOskn+MT62Sg+HsbJPGjxRf29kJNJ6FFE7mWfU814u/ud1UhNeBBmXSWpAsumhMBXYxDgvA/e4AmbEyBLCFLdZMRsQRZixlZVsCd78lxdJ87TquVXv5qxSu5zVUUSH6AidIA+doxq6RnXUQAw9omf0it6cJ+fFeXc+pqMFZ7azj/7A+fwBx4yV8Q==</latexit><latexit sha1_base64="iggqXDFTehtNJLSi38gzD8Z/ccU=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAIrsqMCLosunFZxT6gM5YkvdOGZjJDkhHK2IW/4saFIm79DXf+jZm2C209EDiccy/35NBEcG1c99spLC2vrK4V10sbm1vbO+XdvaaOU8WgwWIRqzYlGgSX0DDcCGgnCkhEBbTo8Cr3Ww+gNI/lnRklEESkL3nIGTFW6pYP2tjXKdVgsB8RM6A0ux3fW6PiVt0J8CLxZqSCZqh3y19+L2ZpBNIwQbTueG5igowow5mAcclPNSSEDUkfOpZKEoEOskn+MT62Sg+HsbJPGjxRf29kJNJ6FFE7mWfU814u/ud1UhNeBBmXSWpAsumhMBXYxDgvA/e4AmbEyBLCFLdZMRsQRZixlZVsCd78lxdJ87TquVXv5qxSu5zVUUSH6AidIA+doxq6RnXUQAw9omf0it6cJ+fFeXc+pqMFZ7azj/7A+fwBx4yV8Q==</latexit> |tX|

<latexit sha1_base64="KAzdjptA0vZUQ87MEX40gqIJzU4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbyma7aZfuJmF3IpS0f8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FBFvokDJO4nmVAWSt4PxXe63n7g2Io4ecZJwX9FhJELBKObSFDvTfqXq1tw5yCrxClKFAo1+5as3iFmqeIRMUmO6npugn1GNgkk+K/dSwxPKxnTIu5ZGVHHjZ/NbZ+TcKgMSxtpWhGSu/p7IqDJmogLbqSiOzLKXi/953RTDGz8TUZIij9hiUZhKgjHJHycDoTlDObGEMi3srYSNqKYMbTxlG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A078jmY=</latexit><latexit sha1_base64="KAzdjptA0vZUQ87MEX40gqIJzU4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbyma7aZfuJmF3IpS0f8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FBFvokDJO4nmVAWSt4PxXe63n7g2Io4ecZJwX9FhJELBKObSFDvTfqXq1tw5yCrxClKFAo1+5as3iFmqeIRMUmO6npugn1GNgkk+K/dSwxPKxnTIu5ZGVHHjZ/NbZ+TcKgMSxtpWhGSu/p7IqDJmogLbqSiOzLKXi/953RTDGz8TUZIij9hiUZhKgjHJHycDoTlDObGEMi3srYSNqKYMbTxlG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A078jmY=</latexit><latexit sha1_base64="KAzdjptA0vZUQ87MEX40gqIJzU4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAbyma7aZfuJmF3IpS0f8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo5bJk41400Wy1h3Amq4FBFvokDJO4nmVAWSt4PxXe63n7g2Io4ecZJwX9FhJELBKObSFDvTfqXq1tw5yCrxClKFAo1+5as3iFmqeIRMUmO6npugn1GNgkk+K/dSwxPKxnTIu5ZGVHHjZ/NbZ+TcKgMSxtpWhGSu/p7IqDJmogLbqSiOzLKXi/953RTDGz8TUZIij9hiUZhKgjHJHycDoTlDObGEMi3srYSNqKYMbTxlG4K3/PIqaV3WPLfmPVxV67dFHCU4hTO4AA+uoQ730IAmMBjBM7zCm6OcF+fd+Vi0rjnFzAn8gfP5A078jmY=</latexit>

t 2 (0,1)
<latexit sha1_base64="dl6m5D5Zg7Jn1q7TRrS3wrY8OXo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElE0GXRjcsK9gFtKJPppB06mYSZGyXEfoobF4q49Uvc+TdO2iy09cDlHs65l7lz/FhwDY7zba2srq1vbJa2yts7u3v7duWgraNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3OR+54EpzSN5D2nMvJCMJA84JWCkgV0B3OcS15yzvAeQng7sqlN3ZsDLxC1IFRVoDuyv/jCiScgkUEG07rlODF5GFHAq2LTcTzSLCZ2QEesZKknItJfNTp/iE6MMcRApUxLwTP29kZFQ6zT0zWRIYKwXvVz8z+slEFx5GZdxAkzS+UNBIjBEOM8BD7liFERqCKGKm1sxHRNFKJi0yiYEd/HLy6R9Xnedunt3UW1cF3GU0BE6RjXkokvUQLeoiVqIokf0jF7Rm/VkvVjv1sd8dMUqdg7RH1ifPwwOko8=</latexit><latexit sha1_base64="dl6m5D5Zg7Jn1q7TRrS3wrY8OXo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElE0GXRjcsK9gFtKJPppB06mYSZGyXEfoobF4q49Uvc+TdO2iy09cDlHs65l7lz/FhwDY7zba2srq1vbJa2yts7u3v7duWgraNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3OR+54EpzSN5D2nMvJCMJA84JWCkgV0B3OcS15yzvAeQng7sqlN3ZsDLxC1IFRVoDuyv/jCiScgkUEG07rlODF5GFHAq2LTcTzSLCZ2QEesZKknItJfNTp/iE6MMcRApUxLwTP29kZFQ6zT0zWRIYKwXvVz8z+slEFx5GZdxAkzS+UNBIjBEOM8BD7liFERqCKGKm1sxHRNFKJi0yiYEd/HLy6R9Xnedunt3UW1cF3GU0BE6RjXkokvUQLeoiVqIokf0jF7Rm/VkvVjv1sd8dMUqdg7RH1ifPwwOko8=</latexit><latexit sha1_base64="dl6m5D5Zg7Jn1q7TRrS3wrY8OXo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElE0GXRjcsK9gFtKJPppB06mYSZGyXEfoobF4q49Uvc+TdO2iy09cDlHs65l7lz/FhwDY7zba2srq1vbJa2yts7u3v7duWgraNEUdaikYhU1yeaCS5ZCzgI1o0VI6EvWMef3OR+54EpzSN5D2nMvJCMJA84JWCkgV0B3OcS15yzvAeQng7sqlN3ZsDLxC1IFRVoDuyv/jCiScgkUEG07rlODF5GFHAq2LTcTzSLCZ2QEesZKknItJfNTp/iE6MMcRApUxLwTP29kZFQ6zT0zWRIYKwXvVz8z+slEFx5GZdxAkzS+UNBIjBEOM8BD7liFERqCKGKm1sxHRNFKJi0yiYEd/HLy6R9Xnedunt3UW1cF3GU0BE6RjXkokvUQLeoiVqIokf0jF7Rm/VkvVjv1sd8dMUqdg7RH1ifPwwOko8=</latexit>

x 2 X
<latexit sha1_base64="u+i4U6Ua5D8BJ71an8VgOIGATMk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp80T6QpHuoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/m5M3JmlSEJY21LIZmrvycyGhkzjQLbGVEcm2UvF//zeimG134mVJIiV2yxKEwlwZjkv5Oh0JyhnFpCmRb2VsLGVFOGNqGKDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKujwM=</latexit><latexit sha1_base64="u+i4U6Ua5D8BJ71an8VgOIGATMk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp80T6QpHuoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/m5M3JmlSEJY21LIZmrvycyGhkzjQLbGVEcm2UvF//zeimG134mVJIiV2yxKEwlwZjkv5Oh0JyhnFpCmRb2VsLGVFOGNqGKDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKujwM=</latexit><latexit sha1_base64="u+i4U6Ua5D8BJ71an8VgOIGATMk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp80T6QpHuoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/m5M3JmlSEJY21LIZmrvycyGhkzjQLbGVEcm2UvF//zeimG134mVJIiV2yxKEwlwZjkv5Oh0JyhnFpCmRb2VsLGVFOGNqGKDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKujwM=</latexit>

px :=

Z 1

0
e�t

X

y2X

⇣�1
tX (x, y)dt

<latexit sha1_base64="p0H6C9Pou9bIMdmwseCdJH4ptpU="></latexit><latexit sha1_base64="p0H6C9Pou9bIMdmwseCdJH4ptpU="></latexit><latexit sha1_base64="p0H6C9Pou9bIMdmwseCdJH4ptpU="></latexit>

✏
<latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit>

x, y 2 X
<latexit sha1_base64="zFgit47j7ckPcMzgBaVlOLwsvgI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+wDWWznbRLN5uwuxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81jem3GCfkQHkoecUWOlh6czMiZdLkm7V664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt4Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZ/0uUJmxNgSyhS3txI2pIoyY0Mq2RC8xZeXSfO86rlV7+6iUrvO4yjCERzDKXhwCTW4hTo0gIGEZ3iFN0c7L8678zFvLTj5zCH8gfP5AyK0j+Y=</latexit><latexit sha1_base64="zFgit47j7ckPcMzgBaVlOLwsvgI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+wDWWznbRLN5uwuxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81jem3GCfkQHkoecUWOlh6czMiZdLkm7V664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt4Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZ/0uUJmxNgSyhS3txI2pIoyY0Mq2RC8xZeXSfO86rlV7+6iUrvO4yjCERzDKXhwCTW4hTo0gIGEZ3iFN0c7L8678zFvLTj5zCH8gfP5AyK0j+Y=</latexit><latexit sha1_base64="zFgit47j7ckPcMzgBaVlOLwsvgI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXisYD+wDWWznbRLN5uwuxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YhK81jem3GCfkQHkoecUWOlh6czMiZdLkm7V664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt4Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/yMyyQ1KNl8UZgKYmIyfZ/0uUJmxNgSyhS3txI2pIoyY0Mq2RC8xZeXSfO86rlV7+6iUrvO4yjCERzDKXhwCTW4hTo0gIGEZ3iFN0c7L8678zFvLTj5zCH8gfP5AyK0j+Y=</latexit>

E✏(x, y) :=

Z 1

1

I(|⇣�1
tX (x, y)| > ✏)

t2
dt

<latexit sha1_base64="VsvDxxTWikdfa9eCGFTGuSs4bgE="></latexit><latexit sha1_base64="VsvDxxTWikdfa9eCGFTGuSs4bgE="></latexit><latexit sha1_base64="VsvDxxTWikdfa9eCGFTGuSs4bgE="></latexit>

Dimension Trials Average 
Number of 
Points in 
Convex Hull

Average 
Number of 
Points 
Suggested By 
Point Power

Precision at 
100% Recall 
of Convex 
Hull

2 20 10.6 12.85 0.8469
3 20 31.2 58.25 0.5511
4 20 65.2 115.1 0.5687
5 20 102.8 152.75 0.6748

By ranking the points in 
X by their power we 
generate candidates for 
the convex hull of X. 
Each data set in these 
trials contains 200 
points.

Persistent Homology

Convex Hulls

By using the point power of a dataset X we can formulate a downsampling technique as follows. If we wish to downsample X to 60% 
resolution, choose the points whose power is in the 60th percentile across all the point powers in X. 

We compare this method to a random downsampling technique and compare how well the persistent homology approximates that of the
full resolution data set. To do this, the bottleneck distance between the persistence diagram of the downsampled data set and the persistence 
diagram of the full resolution data set is computed. 

For each downsample rate, 10 trials were performed and the bottleneck distance shown is the average across trials.

Downsample
rate (%)

Bottleneck 
distance 
power

Bottleneck 
distance 
random 
sample

10 0.693 0.693
20 0.693 0.693
30 0.693 0.670
40 0.670 0.475
50 0.236 0.382
60 0.208 0.284
70 0.137 0.318
80 0.078 0.115
90 0.047 0.036

Clustering

The   -power of an edge can be seen as a similarity measure 
between points. We can convert this to a distance measure 
by

✏
<latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit>

D✏(x, y) := � ln(E✏(x, y))
<latexit sha1_base64="HIiTSglG24E6lWzPRaPNphu6E/A=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgtaEhEUASh+ACXFewDmhAm00k7dDIJMxMxhP6FG3/FjQtF3OrOv3H6WGjrgQuHc+7l3nuChFGpbPvbmJtfWFxaLqwUV9fWNzbNre2GjFOBSR3HLBatAEnCKCd1RRUjrUQQFAWMNIP+5dBv3hMhaczvVJYQL0JdTkOKkdKSb1pXfu6SRFIW80H54QBmFXh2Dg9dxsvXM1bFN0u2ZY8AZ4kzISUwQc03v9xOjNOIcIUZkrLt2InyciQUxYwMim4qSYJwH3VJW1OOIiK9fPTXAO5rpQPDWOjiCo7U3xM5iqTMokB3Rkj15LQ3FP/z2qkKT72c8iRVhOPxojBlUMVwGBLsUEGwYpkmCAuqb4W4hwTCSkdZ1CE40y/PksaR5diWc3tcql5M4iiAXbAHysABJ6AKbkAN1AEGj+AZvII348l4Md6Nj3HrnDGZ2QF/YHz+APORneE=</latexit><latexit sha1_base64="HIiTSglG24E6lWzPRaPNphu6E/A=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgtaEhEUASh+ACXFewDmhAm00k7dDIJMxMxhP6FG3/FjQtF3OrOv3H6WGjrgQuHc+7l3nuChFGpbPvbmJtfWFxaLqwUV9fWNzbNre2GjFOBSR3HLBatAEnCKCd1RRUjrUQQFAWMNIP+5dBv3hMhaczvVJYQL0JdTkOKkdKSb1pXfu6SRFIW80H54QBmFXh2Dg9dxsvXM1bFN0u2ZY8AZ4kzISUwQc03v9xOjNOIcIUZkrLt2InyciQUxYwMim4qSYJwH3VJW1OOIiK9fPTXAO5rpQPDWOjiCo7U3xM5iqTMokB3Rkj15LQ3FP/z2qkKT72c8iRVhOPxojBlUMVwGBLsUEGwYpkmCAuqb4W4hwTCSkdZ1CE40y/PksaR5diWc3tcql5M4iiAXbAHysABJ6AKbkAN1AEGj+AZvII348l4Md6Nj3HrnDGZ2QF/YHz+APORneE=</latexit><latexit sha1_base64="HIiTSglG24E6lWzPRaPNphu6E/A=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgtaEhEUASh+ACXFewDmhAm00k7dDIJMxMxhP6FG3/FjQtF3OrOv3H6WGjrgQuHc+7l3nuChFGpbPvbmJtfWFxaLqwUV9fWNzbNre2GjFOBSR3HLBatAEnCKCd1RRUjrUQQFAWMNIP+5dBv3hMhaczvVJYQL0JdTkOKkdKSb1pXfu6SRFIW80H54QBmFXh2Dg9dxsvXM1bFN0u2ZY8AZ4kzISUwQc03v9xOjNOIcIUZkrLt2InyciQUxYwMim4qSYJwH3VJW1OOIiK9fPTXAO5rpQPDWOjiCo7U3xM5iqTMokB3Rkj15LQ3FP/z2qkKT72c8iRVhOPxojBlUMVwGBLsUEGwYpkmCAuqb4W4hwTCSkdZ1CE40y/PksaR5diWc3tcql5M4iiAXbAHysABJ6AKbkAN1AEGj+AZvII348l4Md6Nj3HrnDGZ2QF/YHz+APORneE=</latexit>

Once we have this, we can formulate clustering methods in a 
number of ways. We show here a clustering based on the 
HDBSCAN algorithm.

Torus colored by point power

https://www.ai-ml-amfam.com/

